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Abstract
Worldline quantum inequalities provide lower bounds on weighted averages of
the renormalised energy density of a quantum field along the worldline of an ob-
server. In the context of real, linear scalar field theory on an arbitrary globally
hyperbolic spacetime, we establish a worldline quantum inequality on the nor-
mal ordered energy density, valid for arbitrary smooth timelike trajectories of the
observer, arbitrary smooth compactly supported weight functions and arbitrary
Hadamard quantum states. Normal ordering is performed relative to an arbitrary
choice of Hadamard reference state. The inequality obtained generalises a pre-
vious result derived for static trajectories in a static spacetime. The underlying
argument is straightforward and is made rigorous using the techniques of microlo-
cal analysis. In particular, an important role is played by the characterisation of
Hadamard states in terms of the microlocal spectral condition. We also give a
compact form of our result for stationary trajectories in a stationary spacetime.
∗E-mail: cjf3@york.ac.uk
1 Introduction
One of the more surprising features of quantum field theory is that the renormalised
energy density of a quantum field at a given spacetime point is unbounded from below
as a function of the quantum state. However, this is not to say that the energy density
can maintain an arbitrarily negative value for an arbitrary duration. Rather, it has
been shown that there exist lower bounds—known as quantum inequalities—on weighted
averages of the energy density taken either along the worldline of an observer [1, 2, 3, 4,
5, 6] or over a spacetime region [7].
Restrictions of this type were first mooted by Ford [8] who argued that they are
necessary to prevent macroscopic violations of the second law of thermodynamics. Ford
and co-workers later obtained explicit lower bounds on the worldline averages for a
static observer in Minkowski space [1] or more generally in static spacetimes [2], for the
case where the weight is the Lorentzian function fτ (t) = τ/(π(t
2 + τ 2)). Subsequent
work has lifted this restriction to obtain quantum inequalities valid for arbitrary smooth
positive weights of sufficiently rapid decay. The first bound of this type was derived
by Flanagan [3] for the specific case of a massless field in two-dimensional Minkowski
space; different methods were employed by the present author, in work with Eveson [4]
and Teo [5], to obtain bounds for massive and massless fields in Minkowski space [4] and
general static spacetimes [5] of any dimension. Flanagan’s approach, which has recently
been generalised to massless Dirac fields in 2-dimensional spacetimes with nontrivial
conformal factor by Vollick [6], has the advantage of yielding an optimal bound in
two dimensions (tighter than the corresponding bound of [4] by a factor of 3/2). Yet
a further approach is due to Helfer [7], who has given a rigorous proof that certain
spacetime averages of the stress energy tensor are bounded below. His approach has
not as yet led to explicit formulae of the type obtained in the worldline case. Helfer
has also considered spatial averages of the energy density [9] and has shown that they
are generally unbounded from below. Putting this together with the worldline quantum
inequalities, we may conclude that unbounded negative energy densities are associated
with localisation in time rather than space.
In this paper we will establish a rigorous and general worldline quantum inequality,
which generalises and makes precise the results of [4, 5]. Consider a real, minimally
coupled Klein–Gordon field with mass m ≥ 0 on an N -dimensional (N ≥ 2)1 globally
hyperbolic Lorentzian spacetime (M, g), and let ω0 be a fixed (globally) Hadamard state
on the usual algebra A(M, g) of smeared fields on (M, g). Let γ be any timelike curve
in M , parametrised by proper time and with unit tangent vector ua(τ) at γ(τ). For any
other globally Hadamard state ω on A(M, g), let
ρω(τ) = 〈u
a(τ)ub(τ) : Tab(γ(τ)) :〉ω (1.1)
1There are well-known pathologies associated with massless two-dimensional fields (see, e.g., [10])
which strictly require a separate treatment. We will not do this in the present paper, but expect our
results to hold in this case because they are proved by local methods and in any case concern only
derivatives of the field.
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be the expected normal ordered energy density in state ω observed along γ, where we
normal order with respect to ω0. Then, as we will show, the quantum inequality
inf
ω
∫
dτ (g(τ))2ρω(τ) ≥ −
∫ ∞
0
dα
π
∫
dτ dτ ′g(τ)g(τ ′)e−iα(τ−τ
′)〈T 〉ω0(τ, τ
′) (1.2)
holds for each smooth compactly supported real-valued function g, where the infimum is
taken over all globally Hadamard states on A(M, g) and 〈T 〉ω0 is the expectation in state
ω0 of the unrenormalised energy density, point-split along γ.
2 This ‘difference quantum
inequality’ immediately implies a bound on the renormalised (rather than normal or-
dered) energy density since ρω = ρ
ren
ω − ρ
ren
ω0
. We emphasise that this is not expected
to be the best possible worldline bound. Indeed, (modulo the caveat of footnote 1) our
bound reduces to the result of [4] for massless fields in two dimensional Minkowski space
and is therefore strictly weaker than that of [3] in this case. In addition, the definition
of 〈T 〉ω0 involves a choice of orthonormal frame along γ; it is currently unclear whether
some choices give a tighter bound than others.
The proof of (1.2) is extremely simple in outline. The energy density ρω is equal to
the restriction to the diagonal τ ′ = τ of the smooth point-split normal ordered energy
density defined by
〈: T :〉ω(τ, τ
′) = 〈T 〉ω(τ, τ
′)− 〈T 〉ω0(τ, τ
′) . (1.3)
It follows that∫
dτ (g(τ))2ρω(τ) =
∫ ∞
0
dα
π
∫
dτ dτ ′g(τ)g(τ ′)e−iα(τ−τ
′)〈: T :〉ω(τ, τ
′)
=
∫ ∞
0
dα
π
∫
dτ dτ ′gα(τ)gα(τ
′)〈: T :〉ω(τ, τ
′) , (1.4)
where the restriction to (0,∞) is possible because 〈: T :〉ω is symmetric in τ, τ
′ and we
have written gα(τ) = e
iατg(τ). On the other hand, it follows from positivity of ω that
the (unrenormalised) quantity 〈T 〉ω is a distribution of positive type, that is,∫
dτ dτ ′f(τ)f(τ ′)〈T 〉ω(τ, τ
′) ≥ 0 (1.5)
for all (complex-valued) smooth, compactly supported f . The required result is now
obtained by substituting (1.3) in (1.4) and applying the inequality (1.5) to f = gα.
Sects. 2–4 will be concerned with making this argument properly rigorous. The
key points are: the definition of 〈T 〉ω as a distribution on R
2; the proof that it is of
positive type; and, most important of all, the proof that the right-hand side of (1.2)
converges (without which the result would be trivial). The main techniques employed
are drawn from microlocal analysis [11] and in particular the characterisation of globally
2See Sect. 3 for the precise definition. The quantity 〈T 〉ω0 is a bi-distribution on R
2; we use the
integral notation for ease of presentation.
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Hadamard states in terms of the microlocal spectral condition [12, 13, 14]. However, the
flavour of the argument is easily given with reference to the case of a static trajectory
γ(τ) = (τ/|gtt|
1/2, x0) in a static spacetime (M, g), using the static ground state as
the reference state ω0. If we express the quantum field as a sum (or integral) of mode
functions
ϕ(t, x) =
∑
λ
e−iωλtUλ(x)aλ + e
iωλtUλ(x)a
†
λ (1.6)
with [aλ, a
†
λ′] = δλλ′1 , the point-split energy density 〈T 〉ω0 turns out to be
〈T 〉ω0(τ, τ
′) =
∑
λ
Cλe
−iωλ(τ−τ
′)|gtt|−1/2 (1.7)
where
Cλ =
1
2
[(
ω2λ
|gtt|
+m2
)
|Uλ(x0)|
2 +∇iUλ|x0∇
iUλ|x0
]
(1.8)
for this trajectory.3 Interchanging the order of summation and integration, the inner
integral in the right-hand side of inequality (1.2) is
∑
λCλ|ĝ(α + ωλ|gtt|
−1/2)|2, where
ĝ is the Fourier transform of g (see Sect. 2 for our conventions). Provided the ωλ are
bounded from below and have reasonable asymptotic behaviour along with the Cλ’s, this
quantity will converge for each fixed α due to the rapid decay of ĝ(ω) as ω → ∞, and
will itself decay rapidly as α → ∞. Accordingly the right-hand side of (1.2) converges
and thus constitutes a non-trivial bound:
inf
ω
∫
dτ (g(τ))2ρω(τ) ≥ −
∫ ∞
0
dα
π
∑
λ
Cλ|ĝ(α+ ωλ|gtt|
−1/2)|2
= −
1
π
∫ ∞
0
du |ĝ(u)|2
∑
λ s.t.
ωλ≤|gtt|
1/2u
Cλ , (1.9)
which (modulo a change in parametrisation) reproduces the result of [5] (and hence
that of [4] in the Minkowskian case). However, this argument would clearly require
some delicate consideration of the asymptotics of the mode functions and their energies
before it could be made rigorous. Our analysis completely circumvents this problem
provided we can assume that the static ground state ω0 is Hadamard—as is true for a
wide class of static spacetimes [15]—because the microlocal spectral condition [12] then
applies and entails almost immediately that the inner integral in (1.2) decays rapidly as
α→ +∞. Moreover, this approach also applies in the general globally hyperbolic case.
In Sect. 5 we show how the general form of (1.9) persists in the case of a stationary
trajectory γ in a stationary spacetimes, with ω0 chosen to be a stationary ground state.
3The index i runs over spatial coordinates and is raised and lowered using the positive definite spatial
metric.
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More precisely, we will show that inequality (1.2) becomes
inf
ω
∫
dτ (g(τ))2ρω(τ) ≥ −
1
π
∫ ∞
0
du |ĝ(u)|2Q(u) , (1.10)
where Q(u) is a polynomially bounded function whose growth is expected (on dimen-
sional grounds) to be O(uN) as u → +∞. This bound may be reformulated as the
assertion that, for each globally Hadamard ω, the operator Hω = Q(|iD|)+ρω is positive
on the smooth compactly supported functions in L2(R) where D denotes differentiation
on R and ρω acts by multiplication. This general viewpoint has recently been explored
by Teo and the present author [16] for massless fields in even dimensional Minkowski
space in relation to the quantum interest conjecture of Ford & Roman [17]. Indeed,
a similar reformulation can be made even in the general globally hyperbolic case, and
the resulting pseudodifferential operator may well repay investigation. We conclude in
Sect. 6 with a brief summary and outlook.
2 Preliminaries
2.1 Algebraic quantum field theory
We will work in the framework of algebraic quantum field theory (see [18] for a review).
Suppose (M, g) is an N -dimensional globally hyperbolic Lorentzian manifold (N ≥ 2)
with signature +− · · ·−. The classical Klein–Gordon equation on (M, g) is
(g +m
2)φ = 0 , (2.1)
where m ≥ 0 and g = g
ab∇a∇b. Here, ∇a is the derivative operator compatible with
g and Latin indices are to be understood as abstract tensor indices [19].
The theory is quantised by introducing an algebra A(M, g) of observables on (M, g).
To do this, the set of smooth compactly supported complex-valued test functions C∞0 (M)
is first used to label a set of abstract objects {φ(f) | f ∈ C∞0 (M)} (interpreted as
smeared fields) which generate a free unital ∗-algebra A over C. The algebra A(M, g) is
defined to be the quotient of A by the relations4
(Q1) Hermiticity: (φ(f))∗ = φ(f) for all f ∈ C∞0 (M)
(Q2) Linearity: φ(λ1f1 + λ2f2) = λ1φ(f1) + λ2φ(f2) for all λi ∈ C, fi ∈ C
∞
0 (M)
(Q3) Field Equation: φ((g +m
2)f) = 0 for all f ∈ C∞0 (M).
(Q4) CCR’s: [φ(f1), φ(f2)] = i∆g(f1 ⊗ f2)1 for all fi ∈ C
∞
0 (M).
4We will follow Radzikowksi’s conventions [12] for these axioms and for the definition of Fourier
transformation used below. Different conventions are used, for example, in [14] which leads to some
differences in the appearance of certain expressions.
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Here, ∆g = ∆
A
g
−∆R
g
is the advanced-minus-retarded fundamental bisolution correspond-
ing to the Klein–Gordon operatorg+m
2. The consistency of relation (Q4) is, of course,
a consequence of the fact that ∆g is anti-symmetric (i.e., ∆g(f1 ⊗ f2) = −∆g(f2 ⊗ f1))
and real (i.e., ∆g(f1⊗ f2) = ∆g(f1 ⊗ f2)). Thus A(M, g) consists of complex polynomi-
als in the φ(f), their adjoints φ(f)∗ and the identity 1 with the rule that any two such
polynomials are equivalent if one may be manipulated into the other using the above
rules.
A state on A(M, g) is linear functional ω : A(M, g)→ C which is normalised so that
ω(1 ) = 1 and positive in the sense that ω(A∗A) ≥ 0 for all A ∈ A(M, g). The two-point
function of a state is the bilinear functional on C∞0 (M)⊗ C
∞
0 (M) given by
ω2(f ⊗ g) = ω(φ(f)φ(g)) . (2.2)
Throughout this paper, we will restrict to states whose two-point function is a bi-
distribution. It is an immediate consequence of positivity and the hermiticity relation
(Q1) that the two-point function is a distribution of positive type, i.e., ω2(f ⊗ f) ≥ 0 for
all f ∈ C∞0 (M). More generally, hermiticity also implies that ω2(f ⊗ g) = ω2(g ⊗ f),
and this together with the formula
ω2(f ⊗ g) =
1
2
ω2(f ⊗ g + g ⊗ f) +
i
2
∆g(f ⊗ g)1 (2.3)
and the properties of ∆g shows that, as is well known, all two-point functions have a
common anti-symmetric part, and have real symmetric parts.
In order to consider the stress-energy tensor of the field, we must further restrict
attention to the class of globally Hadamard states, for which the renormalised stress-
energy tensor may be defined by the usual point-splitting method. In [20], Kay and
Wald gave a rigorous definition of a globally Hadamard quasifree state5 in terms of
the Hadamard series. The work of Radzikowski [12], subsequently modified by other
authors [13, 14], has led to a reformulation of this condition in terms of microlocal
analysis, which we now briefly review.
2.2 Microlocal analysis and the Hadamard condition
Microlocal analysis is a powerful technique for analysing the singularity structure of
distributions. We start by defining the Fourier transform û of u ∈ C∞0 (R
n) by
û(k) =
∫
dnx eik·xu(x) , (2.4)
and extending this definition to distributions of compact support by writing û(k) =
u(ek), where ek(x) = e
ik·x. Given a cone6 V ⊂ Rn, we will say that û(k) is of rapid
5A quasifree state has a vanishing one-point function and n-point functions defined recursively in
terms of the two-point function for n > 2. See [20] for the full definition.
6A cone in Rn is a subset V with the property that k ∈ V implies λk ∈ V for all λ > 0.
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decrease (or decays rapidly) in V if, for each N = 1, 2, . . . there exists a real constant
CN such that
|û(k)| ≤ CN(1 + |k|)
−N ∀k ∈ V , (2.5)
where |k| denotes the Euclidean norm of k.
Smooth compactly supported functions have Fourier transforms of rapid decay in
the whole of Rn, but this is not true for arbitrary distributions u of compact support.
With this in mind, we define Σ(u) to be the set of all k ∈ Rn\{0} which have no conical
neighbourhood V in which û is of rapid decrease. The set Σ(u) may be thought of as
describing the ‘singular directions’ of u.
The wave front set provides more detailed information about the singularities of u
by localising the idea of a singular direction. If u ∈ D ′(X) for some open X ⊂ Rn and
x ∈ X , we define Σx(u) = ∩ϕΣ(ϕu) where the intersection is taken over all smooth
compactly supported functions ϕ ∈ C∞0 (X) which are nonzero at x. We may now define
the wave front set WF(u) of u as follows:
WF (u) = {(x, k) ∈ X × Rn\{0} | k ∈ Σx(u)}. (2.6)
It is immediate from this definition that WF (Pu) ⊂WF(u) for any partial differential
operator P (of finite order and with smooth coefficients) on X . The non-expansion of
the wave front set under such operators makes it a natural and useful tool for analysing
solutions to PDEs.
The wave front set may be lifted from distributions on open sets of Rn to distributions
on a smooth manifold X . In treating distributions on a manifold, we will always assume
the existence of a smooth positive density σX which identifies each smooth F ∈ C
∞(X)
with a distribution in D ′(X) by the formula F (f) =
∫
X
σX(x)F (x)f(x) dx. In particular,
when treating a spacetime (M, g) we will always use | det g|1/2 as this density. The wave
front set is defined as follows: if (Xκ, κ) is a chart inX and u ∈ D
′(X) then the restriction
to Xκ of WF (u) is the subset of T˙
∗(X) given by κ∗WF(u ◦ κ−1), where T˙ ∗(X) denotes
the cotangent bundle of X less its zero section, and
κ∗WF(u ◦ κ−1) =
{
(x, tκ′(x)ξ) | (κ(x), ξ) ∈WF(u ◦ κ−1)
}
. (2.7)
This definition is in fact invariant under changes of coordinate, and an intrinsic definition
may be given [21]. The property WF (Pu) ⊂ WF(u) continues to hold for partial
differential operators on X .
Radzikowski showed how the (global) Hadamard condition of [20] could be rephrased
in this language. A two-point function on a globally hyperbolic manifold (M, g) will be
said to obey the microlocal spectral condition if
WF (ω2) =
{
(x, k; x′,−k′) ∈ T˙ ∗(M ×M) | (x, k) ∼ (x′, k′) and k ∈ V +
}
, (2.8)
where V + is the closed forward cone g
µνkµkν ≥ 0, k0 ≥ 0, and (x, k) ∼ (x
′, k′) if and
only if x and x′ are connected by a null geodesic with cotangent vectors k at x and k′ at
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x′. In the case x = x′ we adopt the convention that (x, k) ∼ (x, k′) if and only if k = k′
is null. Radzikowski [12] proved that, in four dimensions, a two-point function of a state
on A(M, g) obeys the global Hadamard condition of [20] if and only if it obeys (2.8).7
For our purposes, the microlocal spectral condition is much more convenient than
the Hadamard series definition. We shall therefore say that, for a globally hyperbolic
spacetime (M, g) of arbitrary spacetime dimension N ≥ 2, a state on A(M, g) has a
globally Hadamard two-point function if and only if it is a bi-distribution which obeys
the microlocal spectral condition.8 Although the precise form of the Hadamard series
will not be used in the present paper, it is nonetheless necessary to know that all glob-
ally Hadamard two-point functions share a common singular part. This follows from
Radzikowski’s result [12] that the Feynman propagator ωF = iω2 +∆A associated with
ω2 is a distinguished parametrix for the Klein–Gordon operator
9 in the sense of Duis-
termaat and Ho¨rmander [22] with wave front set
WF (ωF ) = O ∪D , (2.9)
where10 D = {(x, k; x,−k) | (x, k) ∈ T˙ ∗(M)} and
O =
{
(x, k; x′,−k′) ∈ T˙ ∗(M ×M) | x 6= x′, (x, k) ∼ (x′, k′),
and ± k ∈ V + if x ∈ J
±(x′)
}
. (2.10)
Here, J±(x′) denotes the causal future (+) or past (−) of x′. By Theorem 6.5.3 in [22] ωF
is unique up to the addition of a smooth function. Accordingly, the difference between
any two globally Hadamard two-point functions is smooth.
2.3 Pseudo-topologies, pull-backs and products
Because the wave front set provides precise local information about the singularity struc-
ture of distributions, it has natural applications to the questions of when it is possible
to multiply two distributions together, or to pull back a distribution from one manifold
to another. The constructions given by Ho¨rmander in [21] extend the usual definitions
for smooth functions by continuity with respect to what is now called the Ho¨rmander
pseudo-topology, and which we now briefly describe.
First, if X is an open subset of Rn and Γ is a closed cone11 in X ×Rn\{0} we define
D ′Γ(X) to be the set of u ∈ D
′(X) with WF (u) ∈ Γ. We will say that a sequence
7In fact, Radzikowski’s result is more general than that stated here.
8 We will only need to consider two-point functions; however, a generalisation of the microlocal
spectral condition for higher n-point functions has been given by Brunetti et al. [14], and one would
say that a state is globally Hadamard if all its n-point functions have the appropriate wave front sets.
For quasifree states, this more general definition reduces to condition (2.8) on the two-point function.
9That is, the action of g +m
2 on either ‘slot’ of ωF (x, x
′) yields δ(x, x′) plus a smooth function of
x, x′, where δ(f1 ⊗ f2) =
∫
M
f1(x)f2(x)| det g|1/2dnx.
10See footnote 4 above for purposes of comparison with [14].
11That is, Γ is topologically closed and, for each x ∈ X , the set Γx = {k | (x, k) ∈ Γ} is a cone in
Rn\{0}.
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ur ∈ D
′
Γ(X) converges to u ∈ D
′
Γ(X) with respect to the Ho¨rmander pseudo-topology
if ur → u in the weak-∗ sense (i.e., ur(f) → u(f) for each test function f) and the
quantities supξ∈V |ξ|
N |ϕ̂ur(ξ)| are uniformly bounded in r for each ϕ ∈ C
∞
0 (X), each
closed cone V ∈ Rn with Γ ∩ (suppϕ× V ) = ∅ and each N = 1, 2, . . . .
If X is now a smooth manifold and Γ is a closed cone in T˙ ∗(X), we define D ′Γ(X) to
be the set of u ∈ D ′(X) with WF (u) ⊂ Γ. A sequence ur ∈ D
′
Γ(X) is said to converge
to u ∈ D ′Γ(X) with respect to the Ho¨rmander pseudo-topology if for some partition of
unity ϕi subordinate to a covering by charts (Xi, κi) we have (ϕiur) ◦ κ
−1
i → (ϕiu) ◦ κ
−1
i
in D ′Γi(X˜i) as r →∞ for each i. Here, we have denoted X˜i = κi(Xi) and
Γi =
{
(κi(x), ξ) | x ∈ Ni, (x,
tκ′i(x)ξ) ∈ Γ
}
, (2.11)
where Ni ⊂ Xi is some arbitrarily chosen closed neighbourhood of suppϕi. This turns
out to be an invariant definition.
In the sequel, we will use the fact that any u ∈ D ′Γ(X) may be approximated by a
regularising sequence of smooth compactly supported functions, as shown by the follow-
ing extension of Theorem 8.2.3 in [11]. Recall that the convolution u⋆χ of a distribution
u ∈ D ′(X) with χ ∈ C∞0 (R
n) is defined to be the (smooth) function x 7→ u(χ(x − ·)),
and has support contained in supp u+ suppχ.
Lemma 2.1 Let X be a smooth n-dimensional manifold and suppose u ∈ D ′Γ(X) is
of compact support. Choose a partition of unity ϕi subordinate to a covering of charts
(Xi, κi) such that supp u intersects only finitely many suppϕi (say i = 1, . . . I). Let
χr (r = 1, 2, . . . ) be any sequence of smooth non-negative functions in C
∞
0 (R
n) with∫
χr d
nx = 1 and suppχr sufficiently small that suppχr + suppϕi ◦ κ
−1
i ⊂ X˜i for each
r = 1, 2, . . . and i = 1, . . . I. If suppχr → {0} as r → ∞ then the distributions
ur =
∑
i ([(ϕiu) ◦ κ
−1] ⋆ χr) ◦ κ converge to u in the Ho¨rmander pseudo-topology on
D ′Γ(X) and each ur is smooth and compactly supported on X.
Proof: Since the sequence χr is an approximate identity in the image of each chart Xi,
for i = 1, . . . I, we have [(ϕiu)◦κ
−1]⋆χr → (ϕiu)◦κ
−1 in each D ′Γi(X˜i) by Theorem 8.2.3
in [11].
For future reference, let us note that (by using mollifiers of the form χr ⊗ χr) a
distribution u ⊗ v ∈ D ′Γ(X × X) may be regularised by a sequence ur ⊗ vr where
ur, vr ∈ C
∞
0 (X).
Returning to the construction of pull-backs, suppose X and Y are manifolds and
ϕ : Y → X is smooth. Given u ∈ D ′(X), Theorem 2.5.11′ in [21] constructs the
pull-back ϕ∗u as a distribution on Y provided WF (u) ∩Nϕ = ∅, where
Nϕ =
{
(ϕ(y), ξ) ∈ T ∗(X) | tϕ′(y)ξ = 0
}
(2.12)
defines the set of normals of the map ϕ. The wave front set of the pull-back is constrained
by
WF (ϕ∗u) ⊂ ϕ∗WF(u) =
{
(y, tϕ′(y)ξ) | (ϕ(y), ξ) ∈WF(u)
}
. (2.13)
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If u is smooth, the pull-back reduces to ordinary composition ϕ∗u(y) = u(ϕ(y)); the pull-
back operation is also sequentially continuous with respect to the Ho¨rmander pseudo-
topology on D ′Γ(X) for any closed cone Γ ⊂ T˙
∗(X) having empty intersection with
Nϕ.
The product of two distributions may be defined—under suitable conditions—using
a closely related construction (Theorem 2.5.10 in [21]). Provided Γ1,Γ2 are closed cones
in T˙ ∗(X) whose sum, defined by
Γ1 + Γ2 = {(x, ξ1 + ξ2) | (x, ξi) ∈ Γi} , (2.14)
has no intersection with the zero section of T ∗(X), we may define a product u1u2 for
any ui ∈ D
′
Γi
(X). The product is sequentially continuous in each factor with respect to
the Ho¨rmander pseudo-topologies on the D ′Γi(X), and agrees with the usual product if
both the ui are smooth.
These constructions are related by the formula
ϕ∗u(g) = (gϕu)(1X) ∀g ∈ C
∞
0 (Y ) , (2.15)
where X , Y , ϕ and u are as above, 1X is the unit function on X and gϕ ∈ D
′(X) is the
compactly supported distribution defined by
gϕ(f) =
∫
Y
σY (y)g(y)f(ϕ(y)) dy (2.16)
for f ∈ C∞0 (X). The wave front set of gϕ is easily seen to lie within N˙ϕ, so the pull-back
ϕ∗u exists if and only if the product gϕu does. One could in fact adopt Eq. (2.15) as the
definition of the pull-back; it can also be proved directly from the analogous statement
for smooth u, using sequential continuity of both the pull-back and the product.
This relationship underlies the following result.
Theorem 2.2 Let X and Y be smooth manifolds equipped with smooth positive densities
σX and σY , and suppose γ : Y → X is smooth. If u ∈ D
′(X ×X) is of positive type and
WF(u) ∩Nϕ = ∅, where ϕ(y, y
′) = (γ(y), γ(y′)), then ϕ∗u is of positive type.
Proof: Each g ∈ C∞0 (Y ) defines a compactly supported distribution gγ by (2.16) above,
with ϕ replaced by γ. Moreover, gγ ⊗ gγ = (g ⊗ g)ϕ, so its wave front set lies in N˙ϕ.
Choose any closed cone Γ ∈ T˙ ∗(X ×X) with N˙ϕ ∈ Γ and WF (u) ∩ Γ = ∅, and (cf. the
remark following Lemma 2.1) pick a regularising sequence g(r)⊗g(r) converging to gγ⊗gγ
in D ′Γ(X × X) with g
(r) ∈ C∞0 (X) for each r. To prove the result, we use sequential
continuity of the product and the calculation
ϕ∗u(g ⊗ g) = lim
r→∞
(
(g
(r)
γ ⊗ g
(r)
γ )u
)
(1X×X)
= lim
r→∞
u
(
g
(r)
γ ⊗ g
(r)
γ
)
≥ 0 (2.17)
to conclude that ϕ∗u is of positive type.
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3 The point-split energy density
After these lengthy preliminaries, the proof of the general quantum inequality is quite
straightforward. We begin by defining our point-split energy density, and deriving some
of its properties.
The classical stress-energy tensor associated with the Klein-Gordon equation (2.1)
on (M, g) is
Tab = ∇aφ∇bφ−
1
2
gabg
cd∇cφ∇dφ+
1
2
m2φ2gab . (3.1)
Let γ be a smooth timelike curve in M , parametrised by its proper time, and let Γ
be a tubular neighbourhood of γ. We may choose a smooth orthonormal frame {vaµ |
µ = 0, . . . N − 1} in Γ so that gab = ηµνvaµv
b
ν and the restriction of v
a
0 to γ equals the
four-velocity γ˙a(τ) of the trajectory, also denoted ua(τ).
Now, an observer moving along γ measures energy density T (τ) = ua(τ)ub(τ)Tab(γ(τ)),
which may be written
T (τ) =
1
2
(
N−1∑
µ=0
vaµv
b
µ
)
∇aφ∇bφ+
1
2
m2φ2 (3.2)
in terms of the frame. This quantity is clearly the restriction to the diagonal τ = τ ′ of
the smooth bi-scalar field
T (τ, τ ′) =
1
2
(
N−1∑
µ=0
vaµ(γ(τ))v
b′
µ (γ(τ
′))
)
∇aφ|γ(τ)∇b′φ|γ(τ ′) +
1
2
m2φ(γ(τ))φ(γ(τ ′)) , (3.3)
which we will call the (classical) point-split energy density. Of course, in contrast to
T (τ), it depends on the frame – a point which should be borne in mind below.
The quantised version of T (τ, τ ′) is easily constructed: given a state ω on A(M, g)
whose two-point function ω2 obeys the microlocal spectral condition (2.8), we define the
distribution 〈T 〉ω on R
2 by
〈T 〉ω =
1
2
N−1∑
µ=0
ϕ∗
(
(vaµ∇a ⊗ v
b′
µ∇b′)ω2
)
+
1
2
m2ϕ∗ω2 , (3.4)
where ϕ∗ is the pull-back fromM×M to R2 induced by the map ϕ(τ, τ ′) = (γ(τ), γ(τ ′)).
Noting that tϕ′(τ, τ ′) : T ∗(γ(τ),γ(τ ′))(M ×M)→ R
2 is the linear map
tϕ′(τ, τ ′) : (k, k′) 7→ (ua(τ)ka, u
b′(τ ′)k′b′) (3.5)
we see that ϕ has the following set of normals:
Nϕ =
{
(γ(τ), k; γ(τ ′), k′) | kau
a(τ) = k′b′u
b′(τ ′) = 0
}
. (3.6)
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To check that 〈T 〉ω is well-defined let us first consider the term ϕ
∗ω2. Suppose (x, k; x
′, k′) ∈
WF(ω2) ∩ Nϕ. Then x = γ(τ) and x
′ = γ(τ ′) for some τ, τ ′; furthermore k and k′ are
required to be both null (so as to be in WF (ω2)) and to annihilate the timelike vectors
ua(τ) and ub
′
(τ ′) (so as to be in Nϕ). But no non-zero null covector can annihilate
a non-zero timelike vector. Hence WF (ω2) ∩ Nϕ is empty and the pull-back ϕ
∗ω2 is
well-defined, with wave front set contained in ϕ∗WF(ω2).
Now, referring to Eqs. (2.8) and (2.13), we have (τ, ζ ; τ ′,−ζ ′) ∈ ϕ∗WF(ω2) if and
only if
(ζ,−ζ ′) =
(
tϕ′(τ, τ ′)
)
(k,−k′) = (ua(τ)ka,−u
b′(τ ′)k′b′) (3.7)
for some k, k′ such that (γ(τ), k) ∼ (γ(τ ′), k′) and k ∈ V
+
. In particular, ϕ∗WF(ω2)
contains all points of the form (τ, ζ ; τ,−ζ) with ζ > 0; however, if (M, g) has compact
Cauchy surfaces one will generally find distinct null-related points of γ and therefore
an increased wave front set. Nonetheless, because the vectors ua(τ), ua(τ ′) and the
covectors ka, k
′
a are all future pointing we have ζ, ζ
′ > 0 in all cases, so
WF (ϕ∗ω2) ⊂ ϕ
∗WF(ω2) ⊂ {(τ, ζ ; τ
′,−ζ ′) | ζ, ζ ′ > 0} , (3.8)
and this result will be enough for our purposes. We also note that ϕ∗ω2 is of positive
type by Theorem 2.2.
Coupled with the non-expansion of the wave front set under partial differential oper-
ators, the same reasoning shows that the other terms in (3.4) are also well-defined with
wave front sets contained in the set on the right-hand side of the previous expression.
In addition, they are of positive type by Theorem 2.2 since(
(vaµ∇a ⊗ v
b′
µ∇b′)ω2
)
(f ⊗ f) = ω2(∇a(vaµf)⊗∇b′(v
b′
µ f)) ≥ 0 (3.9)
for each f ∈ C∞0 (M).
To summarise, 〈T 〉ω is a well-defined distribution on R
2, which is of positive type
and has wave front set obeying
WF (〈T 〉ω) ⊂ {(τ, ζ ; τ
′,−ζ ′) | ζ, ζ ′ > 0} . (3.10)
Since we have WF (f〈T 〉ω) ⊂ WF(〈T 〉ω) for any f ∈ C
∞
0 (R
2), Proposition 8.1.3 in [11]
entails that Σ(f〈T 〉ω) ⊂ {(ζ,−ζ
′) | ζ, ζ ′ > 0}. In particular, the Fourier transform
[f〈T 〉ω]
∧(−α, α) decays rapidly as α→ +∞.
Finally, we note that 〈T 〉ω depends on the restriction of the frame v
a
µ to γ, but not
on its values on Γ\γ.
4 Main result
We are now in a position to state and prove our main result. As above, γ is assumed to be
a smooth timelike curve parametrised by proper time in a globally hyperbolic spacetime
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(M, g) of dimension N ≥ 2 (with, strictly, the requirement m > 0 if N = 2). For a state
with a globally Hadamard two-point function, the bi-distribution 〈T 〉ω is defined as in
Sect. 3 using a fixed choice of orthonormal frame on (a tubular neighbourhood of) γ.
Theorem 4.1 Let ω and ω0 be states on A(M, g) with globally Hadamard two-point
functions and define the normal ordered energy density relative to ω0 by 〈: T :〉ω =
〈T 〉ω − 〈T 〉ω0. Then 〈: T :〉ω is smooth, and the quantum inequality∫
dτ (g(τ))2〈: T :〉ω(τ, τ) ≥ −
∫ ∞
0
dα
π
[(g ⊗ g)〈T 〉ω0]
∧(−α, α) (4.1)
holds for all real-valued g ∈ C∞0 (R) (and the right-hand side of (4.1) is convergent for
all such g).
The fact that the right-hand side converges is, of course, necessary for the inequality to
be other than vacuous. We remark that the bound presumably depends on the choice of
frame along γ. No assertion is made that this quantum inequality is the best possible.
Proof: First, we note that 〈: T :〉ω is smooth because, by the Hadamard condition, the
difference between the two-point functions of ω and ω0 is smooth. We therefore have∫
dτ |g(τ)|2〈: T :〉ω(τ, τ) =
∫ ∞
−∞
dα
2π
∫
dτ dτ ′ g(τ)g(τ ′)e−iα(τ−τ
′)〈: T :〉ω(τ, τ
′)
=
∫ ∞
−∞
dα
2π
〈: T :〉ω(g−α ⊗ gα)
=
∫ ∞
0
dα
π
〈: T :〉ω(g−α ⊗ gα) (4.2)
for any g ∈ C∞0 (R), where we have written gα(τ) = g(τ)e
iατ and used the fact that
〈: T :〉ω(g−α ⊗ gα) = 〈: T :〉ω(gα ⊗ g−α) to make the final step. This is valid because
the two-point functions of ω and ω0 have identical antisymmetric parts, from which it
follows that 〈: T :〉ω is symmetric.
If we now require that g should be real-valued, we have g−α(τ) = gα(τ) and obtain
L.H.S. of (4.1) =
∫ ∞
0
dα
π
〈: T :〉ω(gα ⊗ gα)
≥ −
∫ ∞
0
dα
π
〈T 〉ω0(gα ⊗ gα) (4.3)
where we have used the definition of 〈: T :〉ω and the fact that 〈T 〉ω is of positive type.
Setting e(α,α′)(τ, τ
′) = ei(ατ+α
′τ ′) we note that the integrand in the above expression may
be rewritten
〈T 〉ω0(gα ⊗ gα) = 〈T 〉ω0((g ⊗ g)e(−α,α))
= [(g ⊗ g)〈T 〉ω0](e(−α,α))
= [(g ⊗ g)〈T 〉ω0]
∧(−α, α) (4.4)
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by our definition of Fourier transform from Sect. 2.2.
We have now obtained the inequality (4.1). To show that the right-hand side is finite,
we need only observe that the integrand decays rapidly as α → +∞ by the comments
following Eq. (3.10) and is therefore absolutely integrable. The result is therefore proved.
5 Example: stationary spacetimes
We now derive a more compact form of our general quantum inequality for the case of
stationary spacetimes admitting a Hadamard stationary ground state ω0 on A(M, g),
which we will adopt as our reference state.
Recall that (M, g) is said to be stationary if there is a 1-parameter group of isometries
ψt, all of whose orbits are timelike, generated by a Killing vector field ξ
a. A state ω0 is
said to be stationary if ω0(αtA) = ω0(A) for each A ∈ A(M, g) and all t ∈ R, where αt
denotes the automorphism of A(M, g) defined by
αtφ(f) = φ(ψ
∗
t f) ∀t ∈ R, f ∈ C
∞
0 (M) , (5.1)
where ψ∗t f is the pull-back of f by ψt, i.e., ψ
∗
t f(p) = f(ψtp) for p ∈ M . The state
is a ground state if, in addition, these automorphisms are implemented in the GNS
representation12 (H , ρ,D ,Ω) of ω0 by
ρ(αtA) = e
iHtρ(A)e−iHt ∀t ∈ R, A ∈ A(M, g) , (5.2)
where H is a positive self-adjoint operator on H which annihilates the vacuum vector
Ω. The existence of a Hadamard stationary ground state is a nontrivial restriction on
(M, g)—for example, there is no stationary Hadamard state on the Kerr spacetime [20]—
but such a state will certainly exist if m > 0 and, for some ǫ > 0 and Cauchy surface
Σ ⊂ M , we have ξaξa ≥ ǫξ
ana ≥ ǫ
2 on Σ, where na is the unit normal to Σ. See, e.g.,
§4.3 in [23].
Now consider an stationary observer, whose trajectory γ is therefore an orbit of ψt,
γ(t) = ψtp0 for some fixed p0. Since ξ
aξa is constant on such orbits, we may assume
without loss of generality that ξaξa = 1 on γ and so this is a proper time parametrisation.
Fix any open neighbourhood O of p0 in a Cauchy surface through p0 sufficiently small
that a smooth orthonormal frame vaµ for g may be chosen in O with v
a
0 parallel to ξ
a,
and use the action of ψt to extend this framing to the tubular neighbourhood Γ = {ψtp |
p ∈ O, t ∈ R} of γ so that
vaµ(ψtp) = ψt∗v
a
µ(p) (5.3)
12Given a state ω on a unital ∗-algebra A, the GNS representation consists of a Hilbert space H , a
representation ρ of A as (unbounded) operators on a common dense domain D in H , and a distinguished
unit vector Ω ∈ D such that ω(A) = 〈Ω | ρ(A)Ω〉 for all A ∈ A. The vector Ω is also cyclic, in the sense
that {ρ(A)Ω | A ∈ A} is dense in H .
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for each p ∈ O. The procedure is well-defined because it entails that the Lie derivative
£ξv
a
µ vanishes for each µ, so both sides of the equation g
ab = ηµνvaµv
b
ν are preserved
under the flow.
We use this framing to construct 〈T 〉ω0 by the method of Sect. 3. This distribution is
invariant with respect to the translation (τ, τ ′) 7→ (τ+t, τ ′+t) for any t as a consequence
of stationarity, and this combined with the fact that ω0 is a ground state leads to the
following statement, which is proved in the Appendix.
Proposition 5.1 There exists a tempered distribution T such that
〈T 〉ω0(f ⊗ g) = T (f ⋆ g˜) , (5.4)
where g˜(τ) = g(−τ). Furthermore, the Fourier transform of T is a positive measure of
at most polynomial growth with support contained in R+.
Noting that 2πT (g ⋆ g˜) = T̂ (
̂˜
g ⋆ g˜) = T̂ (|ĝ|2) we have
〈T 〉ω0(g ⊗ g) =
∫ ∞
0
dζ
2π
T̂ (ζ)|ĝ(ζ)|2 (5.5)
for any g ∈ C∞0 (R). Accordingly, the quantum inequality (4.1) becomes∫
dτ (g(τ))2〈: T :〉ω(τ, τ) ≥ −
∫ ∞
0
dα
π
∫ ∞
0
dζ
2π
T̂ (ζ)|ĝ(ζ + α)|2
= −
1
π
∫ ∞
0
du |ĝ(u)|2Q(u) , (5.6)
where the (positive) polynomially bounded function Q is given on R+ by
Q(u) =
∫ u
0
dζ
2π
T̂ (ζ) . (5.7)
As described in the introduction, this inequality generalises that given for the static case
in [5].
One may think of Q(u) as a cut-off value of the infinite quantity “T (0)”—the coin-
cidence limit of the unrenormalised point-split energy density—which is formally equal
to Q(∞). The rate of divergence of Q(u) is fixed by dimensional considerations to be
O(uN) where N is the spacetime dimension.
Finally, we reformulate (5.6) as a positivity condition on a pseudodifferential oper-
ator. Let g now be a complex-valued smooth compactly supported function with real
and imaginary parts p and q. Applying (5.6) to p and q separately, we obtain∫
dτ |g(τ)|2〈: T :〉ω(τ, τ) ≥ −
1
π
∫ ∞
0
du
(
|p̂(u)|2 + |q̂(u)|2
)
Q(u) . (5.8)
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Now the expression |p̂(u)|2+ |q̂(u)|2 is easily seen to be the even part of |ĝ(u)|2. Accord-
ingly, writing ρω(τ) = 〈: T :〉ω(τ, τ), we have∫
dτ |g(τ)|2ρω(τ) ≥ −
1
2π
∫ ∞
0
du
(
|ĝ(u)|2 + |ĝ(u)|2
)
Q(u)
= −
1
2π
∫ ∞
−∞
du |ĝ(u)|2Q(|u|) . (5.9)
But by the spectral theorem, the final expression is just the matrix element −〈g |
Q(|iD|)g〉, where 〈· | ·〉 is the usual inner product on L2(R), and iD is the self-adjoint
operator (iDg)(τ) = ig′(τ) with domain equal to the Sobolev space W 1,2(R) [24].
Thus (5.9) asserts that the symmetric operator Q(|iD|) + ρω (where ρω acts by mul-
tiplication) is positive on C∞0 (R). Under circumstances in which C
∞
0 (R) is a form core
for this operator (e.g., if ρω is bounded) positivity on C
∞
0 (R) is equivalent to the posi-
tivity of the self-adjoint operator Hω = Q(|iD|)+˙ρω where the dot denotes the sum in
the sense of quadratic forms. (Since ρω is smooth, this reduces to the ordinary opera-
tor sum if ρω is also bounded.) Under certain conditions, positivity of Hω will in turn
be equivalent to the absence of negative eigenvalues. In these circumstances, one can
determine whether or not a given candidate energy density ρ is compatible with the
quantum inequalities by considering the corresponding eigenvalue problem. This view-
point has been explored recently in [16] in the case of 2m-dimensional Minkowski space,
where Q(|iD|) is equal to (−1)mD2m (up to constant factors). If a negative eigenvalue is
found, then we have shown that the candidate ρ is not the energy density derived from
any globally Hadamard state on (M, g). It would be interesting to gain further insight
into the conditions under which the converse holds.
6 Conclusion
We have described a new and general worldline quantum inequality, which is both rig-
orous and explicit. As mentioned above, the results given here reduce to those of [4, 5]
in the static case; indeed, one may regard the present derivation as the correct setting
for that earlier work. Various future directions are possible. First, it would be interest-
ing to examine the asymptotic behaviour of our bound both for sampling functions of
very short duration (in which case one expects to find a ‘universal’ leading order term
depending only on the short-distance structure of the Hadamard form), and of very long
duration (to investigate what averaged weak energy results are possible). Second, we
have observed that our results are not the best possible worldline inequalities, and this
raises the question of whether it is possible to tune the general argument given here
to produce sharper bounds. Finally, we expect that our general approach can also be
adapted to provide quantum inequalities for spacetime averages of the stress-energy ten-
sor, thus giving an alternative method to that of Helfer [7]. We hope to return to these
issues elsewhere.
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A Proof of Proposition 5.1
Without loss of generality, we may introduce stationary coordinates (x0, x1, . . . , xN−1)
on Γ so that γ(τ) has coordinates (τ, 0, . . . , 0). Fix χ ∈ C∞0 (R
N) with
∫
χ(x)dNx = 1
and set χr(x) = χ(x/r) for r = 1, 2, . . . . We will adopt the convention that given any test
function f ∈ C∞0 (R), f
(r) will denote the regularisation of fγ (cf. Eq. (2.16)) obtained
by convolution with χr. This regularisation is covariant with respect to the stationary
isometry group in the sense that
(ψ∗τf)
(r) = ψ∗τf
(r), (A.1)
where, for notational convenience, we use ψτ to denote both the stationary isometry of
(M, g) and the translation t 7→ t+ τ on R.
Next, define 〈T 〉
(r)
ω0 ∈ D
′(R2) by
〈T 〉(r)ω0 (f ⊗ g) =
1
2
N−1∑
µ=0
(
(vaµ∇a ⊗ v
b′
µ∇b′)ω2
)
(f (r) ⊗ g(r)) +
1
2
m2ω2(f
(r) ⊗ g(r)) . (A.2)
The covariance relation (A.1) and the stationarity of ω0 imply immediately that each
〈T 〉
(r)
ω0 is translationally invariant under the translation (t, t
′) 7→ (t + τ, t′ + τ) for each
τ . Since f (r) ⊗ g(r) is a regularising sequence for fγ ⊗ gγ = (f ⊗ g)ϕ we have 〈T 〉
(r)
ω0 (f ⊗
g) → 〈T 〉ω0(f ⊗ g) as r → ∞ for each f, g ∈ C
∞
0 (R), and deduce that 〈T 〉ω0 is also
translationally invariant.
It is now standard that there exists T ∈ D ′(R) such that
〈T 〉ω0(f ⊗ g) = T (f ⋆ g˜) , (A.3)
where g˜(τ) = g(−τ). Since 〈T 〉ω0 is positive type in the sense defined in Sect. 2, the
distribution T is of positive type in the sense that T (f ⋆ f˜) ≥ 0 for all f ∈ C∞0 (R). The
Bochner-Schwartz theorem (Theorem IX.10 in [25]) implies that T is in fact a tempered
distribution whose Fourier transform T̂ is a polynomially bounded positive measure.
It remains to show that supp T̂ ⊂ R+. To see this, note that we have tempered
distributions T (r) such that 〈T 〉
(r)
ω0 (f ⊗ g) = T
(r)(f ⋆ g˜) whose Fourier transforms are
also polynomially bounded positive measures. These Fourier transforms are supported
in R+, as may be seen from the argument of Theorem IX.32 in [25] (but applied only to
time translations, rather than the Poincare´ group) and using the fact that the isometry
group is represented by eiHt with positive H in the GNS representation of the ground
state ω0. Since the T
(r) converge in the weak-∗ sense to T , we have supp T̂ ⊂ R+ as
required.
16
References
[1] L.H. Ford and T.A. Roman, ‘Restrictions on negative energy density in flat space-
time’ Phys. Rev. D 55, 2082 (1997)
[2] M.J. Pfenning and L.H. Ford, ‘Scalar field quantum inequalities in static space-
times’ Phys. Rev. D 57, 3489 (1998)
[3] E´.E´. Flanagan, ‘Quantum inequalities in two-dimensional Minkowski spacetime’
Phys. Rev. D 56, 4922 (1997)
[4] C.J. Fewster and S.P. Eveson, ‘Bounds on negative energy densities in flat space-
time’ Phys. Rev. D 58, 084010 (1998)
[5] C.J. Fewster and E. Teo, ‘Bounds on negative energy densities in static space-times’
Phys. Rev. D 59, 104016 (1999) gr-qc/9812032
[6] D.N. Vollick, ‘Quantum Inequalities in Curved Two Dimensional Spacetimes’
gr-qc/0001009
[7] A.D. Helfer, ‘The Hamiltonians of linear quantum fields II: Classically positive
Hamiltonians’, hep-th/9908012
[8] L.H. Ford, ‘Quantum coherence effects and the second law of thermodyamics’ Proc.
R. Soc. Lond. A 364, 227–236 (1978)
[9] A.D. Helfer, ‘The stress-energy operator’ Class. Quantum Grav. 13 L129–L134
(1996)
[10] A.S. Wightman, ‘Introduction to some aspects of the relativistic dynamics of quan-
tized fields’ in High energy electromagnetic interactions and field theory Carge`se
lectures in theoretical physics, Ed. M. Le´vy (Gordon and Breach, New York, 1967)
[11] L. Ho¨rmander, The analysis of linear partial differential operators I: Distribution
theory and Fourier analysis 2nd ed. (Springer-Verlag, Berlin, 1990)
[12] M.J. Radzikowski, ‘Micro-local approach to the Hadamard condition in quantum
field theory on curved space-time’, Commun. Math. Phys. 179 (1996) 529–553
[13] M. Ko¨hler, ‘New examples for Wightman fields on a manifold’ Class. Quantum
Grav. 12 (1995) 1413–1427
[14] R. Brunetti, K. Fredenhagen and M. Ko¨hler, ‘The microlocal spectrum condition
and Wick polynomials of free fields in curved spacetimes’ Commun. Math. Phys.
180 (1996) 633–652
[15] S.A. Fulling, F.J. Narcowich and R.M. Wald, ‘Singularity structure of the two-point
function in quantum field theory in curved spacetime, II’ Ann. Phys. 136 (1981)
243-272
17
[16] C.J. Fewster and E. Teo, ‘Quantum inequalities and “quantum interest” as eigen-
value problems’ gr-qc/9908073 To appear in Phys. Rev. D (2000)
[17] L.H. Ford and T.A. Roman, ‘The quantum interest conjecture’ Phys. Rev. D 60
(1999) 104018 gr-qc/9901074
[18] B.S. Kay, ‘The principle of locality and quantum field theory on (non globally
hyperbolic) curved spacetimes’ Rev. Math. Phys. Special Issue (1992) 167–195
[19] R.M. Wald, General Relativity (University of Chicago, Chicago, 1984)
[20] B.S. Kay and R.M. Wald, ‘Theorems on the uniqueness and thermal properties
of stationary, nonsingular, quasifree states on spacetimes with a bifurcate Killing
horizon’ Phys. Rep. 207 (1991) 49–136
[21] L. Ho¨rmander, ‘Fourier integral operators. I’ Acta Math. 127 (1971) 79–183
[22] J.J. Duistermaat and L. Ho¨rmander, ‘Fourier integral operators. II’ Acta Math.
128 (1972) 183–269
[23] R.M. Wald, Quantum field theory in curved spacetime and black hole thermody-
namics (University of Chicago, Chicago, 1994)
[24] R.A. Adams, Sobolev spaces (Academic Press, New York, 1975)
[25] M. Reed and B. Simon, Methods of modern mathematical physics II: Fourier anal-
ysis, self-adjointness (Academic Press, San Diego, 1975)
18
